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THE PARAMETRIC REPRESENTATION OF THE 

NEIGHBORHOOD OF A SINGULAR POINT 

OF AN ANALYTIC SURFACE. 

By C. W. M. Black. 

Presented by W. F. Osgood. Received September 9, 1901. 

INTRODUCTION. 

A. — Outline of Kobb's Treatment op the Problem. 

The problem of the representation, by a finite number of parametric 
formulae in two variables, of the neighborhood of a singular point of 
an algebraic surface is considered and alleged to be solved in an article 
" Sur la theorie des fonctions algebriques de deux variables," * by Gus- 
tav Kobb. A brief outline of Kobb's method follows : — 

1. Treatment of the Original Singular Point. 1) Let the equation 
of the surface be written in the form 

F(x,y,z) = 0, 

where F is a function of the three independent variables x, y, z analytic 
in the point x = a, y = b, x = c. The function F is transformed by 
means of a change of axes to the form 

* (ft V, = (ft V, 0- + (ft V, Om+i + = (a) 

where the expression (£, rj, £)„ is a homogeneous polynomial of degree 
n, the resulting surface (a) having the singular point considered at the 
origin, while the function (£, rj, £) m is of a form convenient for later 
treatment. 

2) By the quadratic transformation 

£ = T £, v = o-C, 

* (ft V , =' f» [(r, «r, 1). + i (r, <t, l) ra+1 + ] -) 

= C»]>(t, o) + £ X (r, o) + ] V (b) 

= f*(T,<r,£) J 

* Journal de mathematiques pures et appliquees, 4th Series, Vol. VIII. (1892), 
p. 385. 
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and the neighborhood of the original point is represented by the neigh- 
borhood of the curve 

*( T ,<r)=0, £=0, (c) 

on the surface 

i (t, «> o = o. 

3) The neighborhood of the curve (c) is included in the domains of 
a finite number of points which are 

a. regular points of the curve (c), the domain of each being repre- 
sented by a single power series 

b. critical points of the curve (c), the domain of each being repre- 
sented by an equation of the form 

r* + j^o, o ^ _1 + + p*-i(<r, Qr + p* («■, = 0; (e) 

c. points at an infinite distance on the curve (c), the domain of each 
being represented by an equation of form (d) or (e) in the variables 
Tj, <ti, i\, where 

1 t 

4) The selection of the points in 3) depends upon the character of 
the curve 

* (r, o-) = . 

a. If $ is irreducible, all points of class 3) b are first taken, then all 
points of class 3) c, these being regular; finally a finite number of 
points of class 3) a. Here, all the points selected, if singular, are of 
order less than m. 

b. If <j> is reducible, but contains no multiple factors, the same selec- 
tion of points holds as in a, but there may occur a singular point of 
order m. 

c. If <£ contains multiple factors, all critical points of the curves cor- 
responding to any factor, together with all points of intersection of two 
different factors, are first taken, then all points of class 3) c, these being 
possibly singular ; finally, a finite number of regular points of the several 
curves corresponding to the different factors of <j>, these last points being 
possibly singular points of the surface. In this case, there may occur 
a number of singular points of order m. 

2. Treatment of Points Determined in 1. The same treatment as in 
1 is applied to each of these points and to each of the corresponding 
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resulting points in turn, so long as they are singular. If after a finite 
number of such processes, all the resulting points are regular, then by 
combining the results it is assumed that the neighborhood of the origi- 
nal point is represented by the domains of a finite number of regular 
points, and so by a finite number of parametric formulae as desired. 

3. Proof that a Finite Number of the Processes of 1 will be Sufficient 
to make all Points in 2 Regular. Starting with the surface 

/(«, v,w) = 0, (f) 

in which the singular point considered is at the origin, the transfor- 
mations in 1, 1) and 2) are combined in the form 

m = (oiT-f /V + yi)£"j 

v = ((hT + /? 2 <r + y 2 )£f (g) 

w— (<z 3 t + #jO- + y s )U 
We can assume that 

y 2 + , vs 4= o 

by making, if necessary, upon / («, v, w) a suitable homogeneous 
linear transformation. Then the next set of transformations, in 2, can 
be expressed in the form 

T = (ajS + /Vol + Vl 'Kl ) 

o-=(a 2 ' Tl + &'°i + y 2 'Ki >■ (h) 

£ = (a 3 'T 1 + /y - 1 + y 3 'uJ 

in which y 3 ' 4= 0>* and the later sets of transformations are of the same 
type with the corresponding y 3 's : 

y 3 " + 0, y 3 "'*0 etc. 

So we consider a succession of transformations of type (g), which give 
a succession of surfaces with multiple points each of order m. These 
transformations will combine in the form 

« = Cny* V ys <r) + (r„ °v, 4)] 4 = [r x + (r r , o- r , &.)] c^j 

• = [ysysV y s ,r) + (r r , o- r , 4) ] 4 = [r 2 + (r r , «r„ 4)] 4 V 0) 

w= [y, yj y s " 7 /> + (r r , «r„ &.)] 4 = [r 3 + (r r , <r rt £.)] 4 ) 

where the symbol (i- r , <r„ 4) represents in the expression in which it 
occurs all of the variable terms, and T 2 =f= 0, r 3 =}= 0. 

* To secure this, Kobb makes unwarranted use of a quadratic transformation, 
which, however, might be replaced by a homogeneous linear transformation. He 
also overlooks one class of transformations which will arise (see 4). 
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Next, as f (u, v, w) can be supposed to be irreducible, we have a 
relation of the form 

9 
L (u, v, »)/(«, v, w) + M(u, v, w) ~-[/(w, v, w)] = x (v, w) 

= (V, V>)k + (V, W) A+ 1 + + (V, W)„ EJ3 0. (j) 

Now it is shown that the first member of equation ( j ) becomes divisible 
by £ r < m - 1 >< r + 1 ) after the substitutions (i), and the establishment of an 
upper limit for the power of 4 which can then be taken out as a factor 
of the function resulting from ^ (v, w), will secure a corresponding limit 
for r, as is needed to finish the proof. 

B. — Critique of Kobe's Analysis. 

We now show in what respects Kobb's method and proof are at fault. 
Some of these errors are noted in a memoir " Sulla riduzione delle singo- 
larita puntuali delle superficie algebriche dello spazio ordinario per tras- 
formazioni quadratiche," by Beppo Levi.* 

4. Kobb overlooks in his succession of transformations of type (g) 
the occurrence of transformations which arise from 1, 3), c. These are 
equivalent to 

i = Ti rj- 

n= V 

£= <riy , 

and here the number corresponding to y 3 ' of (h) is zero ; so that the 
proof, even if correct in other respects, would fail to cover all the cases 
involved, f 

5. Without specific discussion of several unwarranted assumptions 
of Kobb.t we show by an example the failure of his proof for the 
upper limit of the exponent of the power of £ r to be taken out as a 
factor of x ( v t w ) ln G) under the substitution (i). Let the given sur- 
face be 

f=u 2 — 2uw — v 2 + 2iw + uvw — vw 2 — uw 2 + w 3 = 0. (k) 

Here, 

X (v , w) = (4 + w 2 ) (w — v) 2 . 
The curve 

<£ («, v) = u 2 — 2m — v 2 + 2v = 

* Annali di matematica, Series 2, Vol. XXVI. (1897), p. 219. 
t Cf . Levi, 1. c, p. 224. t Cf . Levi, 1. c, pp. 225-6. 
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has a singular point at 

u = 1, v = 1. 

So the first transformation is 

«=(t+1)C| 

v = (o- + 1) t V (1) 

«-= u 

which, applied to (k), gives 

^ 2 (T 2 -o- 2 + rcrO=0 (m) 

and 

X (v,w) = £V 2 (£ 2 + 4). (n) 

Now the set of transformations to which Kobb is naturally led in this 
case is the following : — * 

T —T!^ a- = 0-J& £ = 4" 

Tl = T 2 4 O"! = <T 2 4 4 = 4 



whence 

T=T r 4 r , (T = 0> 4', £ = 4. 

But this substitution in (n) gives 

x (v, w) = 4*-+ 2 o- r 2 (4 2 + 4) 

in which the exponent of 4 increases indefinitely with r. 
6. In the case in which the curve 

<t> (t, o-) = 

has multiple factors, the regular points of such factors taken in 1 , 4) e 
are possibly singular points of the surface, whose domains are repre- 
sented by equations of form (e). When a further quadratic transfor- 
mation is applied to such a point, we are not warranted in assuming 
that the resulting developments will represent the whole of the domain 
of the point considered.! Kobb makes this assumption in proposing to 

* This set, combined with the transformation (1), possesses all the properties 
required by Kobb in (g), (h), and (i) ; its appearance here invalidates his proof. 
It can easily be shown, moreover, that the most general set of transformations 
which he could use in this case would produce the same condition as shown here. 

t The development about the point first considered, to begin with, is a relation 
im Kleinen ; it becomes, however, on passing to the later transformations, a relation 
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use in 2 only the set of points determined in 1. We are not warranted, 
either, in assuming that, when a reduction of singularity arises from the 
appearance of a term of lower degree in a different variable from that 
with reference to which the first development is derived, the resulting 
development will hold throughout the same region as the first develop- 
ment. As an example consider the surface 

t 2 + a£ - £ = 0. 

Regarded as a development for t, its coefficients converge for all finite 
values of cr and £ ; but when we develop for £, 

_2 
t = 



l-o-' 
and the resulting series converges only when 

|o-|<l. 

7. From geometrical considerations we should not expect the quad- 
ratic transformation used to resolve the singularity in all cases. In 
ordinary space the transformation 

f = T£, ij = <r£, 

will transform in a one-to-one manner, without change of the £ coordinate, 
all points except those in the £ = plane. Now in the surface from (m), 

t 2 - <r 2 + t<t£ = 0, 

all points in the £-axis are singular, and whatever the reduction that 
may be secured for the origin, there will be within the neighborhood of 
the origin points whose singularity is not reduced. The same consider- 
ations would be seen to apply if we had any space curve as a singular 
line. 

Levi, in the article previously mentioned, does not attempt a proof 
of the entire proposition, but directs his work toward establishing by 
geometrical considerations the reduction of the singularity, making ex- 
ception, however, of certain cases,* which are closely related to the one 
considered in 7. 

Having thus considered the failure of Kobb to establish the proposi- 
tion even for the general case of an algebraic surface, we shall, in the 



im Grossen, the limit to the number of points taken being determined by finding 
the extent of the domain of each ; while the developments about the later points 
give relations im Kleinen, as far as the first point is concerned. 

* Cf. Levi, 1. c. p. 227. Cf. also a second paper by Levi, Atti R. Ace. Sci. Torino, 
Vol. XXXIII., 5 Dec, 1897. 
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present article, supply the deficiency, and treat at once the more general 
case of an analytic surface, i. e., the case that the function F (x, y, z) is 
not merely a polynomial, but is any analytic function which vanishes 
at the point (a, b, c.) 

§ 1 
A. — The Fundamental Theorem. 

1. The theorem, the proof of which forms the subject of this article, 
is the following. 

Theorem : Let F (x, y, z) be a function such that 

1) F (x, y, z) is analytic in the three independent variables in the 
neighborhood of the point x = a, y = b, z = c ; 

2) F(a,b,c) = 0; 

3 ) (£1\ =(?£) =(^) =0- 

\dx)ia.b,c) \3y )[a,b,c) \9z /(„, 6 , c) ' 

then we can represent all values of (x, y, z) satisfying the equation 

F{x,y, z) = 
and lying in the neighborhood of the point (a, b, c) : 

|x-a|<8, |y-*|<8, |*-c|<8, 

by a finite number of parametric formulae of the following type : 

x = <t> 9 («, «>) "I 

y = ^(u,v)V p = l, 2, p, (A) 

z = Xp (w, v) J 

where <£ p , i/r p , x? are analytic in the arguments (u, v) throughout a cer- 
tain region ; further for each set of values of (x, y, z), the values (0, 0, 0) 
excepted, there corresponds for at least one value of p a pair of values 
(u, v) lying within the region in which the functions <£ p , i/r p , Xp are con- 
sidered, and for any value of p for which this is the case, there corresponds 
no second pair of values. To the set of values (0, 0, 0) corresponds at 
least one, and in general an infinite number of pairs of values (u, v) for 
every value of p. 

2. Explanation of Symbols. The symbol (x, y,z, ) n indicates, 

in the expression in which it appears, the total collection of terms 
of degree n in the arguments taken together, which belong to that 
expression. 
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A functional sign expressed by means of a letter will always represent 
an analytic function. 

The symbol E (x,y, z, ) will always represent a function which 

is analytic at the point (0, 0, ) and for which E (0, 0, ) 

4= 0. If written with a subscript, as E r (x, y, z, ) it represents a 

particular function of the class ; if without a subscript, it represents a 

general function of the class ; so that two functions E (x, y, z, ) 

both expressed by the same symbol, need not be equal to each other. 

B. — The Transformations. 

3. The equation 

F(x,y,z) = 

can be transformed to the form 

* (I, v > = (6 v, Om + (I, v, 0» + i + = 

where 

1) m > 2, 

2) the polynomial 

a, V) i) m = $ a, v ) 

contains the term £ m , 

8) the points in which the curves corresponding to the irreducible 
factors of <j> (f, rj) cut the line at infinity shall be distinct from each 
other and from the point in which the line £ — cuts that line. 

To do this, we first make the transformation 

x — u + a, = v + b , z = w + c, 

thus obtaining 

F(x, y, z) =f(u, v, w) = {u, v, w) m + (u, v, w) m+1 + 

Here, m >. 2, the singularity now being at the origin. Next we make 
a linear homogeneous transformation with non-vanishing determinant, 

M = a x £ + far) + y^l 

v = a*£+PiV + y*t> (1) 

W = o 3 | + fat) + y 3 £J 
with the result : 

f(u, v, w) = *(£ r,, = (£, V , 0. + (6 V, £)m +1 + = 0. 

For this equation, conditions 2) and 3) can be secured, as is readily seen 
by a proper choice of the coefficients in transformation (1). 



BLACK. — THE NEIGHBORHOOD OF A SINGULAR POINT. 289 

The surface $ = corresponds in the neighborhood considered, point 
for point, to the surface F = 0, and thus it is only necessary to prove 
the theorem for <t> = 0. 

We may assume that of the irreducible factors* of <I> there are none 
of degree lower than m vanishing at the point (0, 0, 0), for otherwise 
each of such factors could be treated separately by the methods here 
used, and the results combined. This provision excludes the case in 
which one of the variables has equal roots for all values of the other 
two in the neighborhood of the point (0, 0, 0). 

4. The quadratic transformation 

i = ~H v = v (2) 

reduces $ (|, -q, £) to the form 

= £ m i>(lv,0 (3) 

where, an arbitrarily large positive number T having been chosen at 
pleasure, 8 can be so determined that the function <$ will be analytic 
when 

|?|<r, R|<r, Kl<8. 

Equation (3) follows at once from the intermediate form 

4. (f, ,,« = {■ [(!, ~ n , l). + t (|, y, i) m+1 + ? (|, ^, i) m+2 + ]. 

We now proceed to the proof that the function <f> (f, rj, £) is analytic 
within the above limits. 

Let *(£ ,, = %A m prfC, i + j + k>m, 

and suppose it to be convergent when 

|£| <h, |,| < h, \t\<h h> Sj. 

Then, for the general term, we have 

M being a positive constant, 
By transformation (2) 

* For the definition and the fundamental properties of the irreducible factors 
of an analytic function of several variables, which vanishes in a point, cf . Encyclo- 
padie der mathematischen Wissenschaften, II. B. 1, Nr. 45. 
vol. xxxvii. — 19 
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and 

Now choose 8 so that r 8 %. 8 X . 
Then, when 

|?| = r lf |5| = r lf U| = s, r t >i, 

the absolute value of the general term of series * becomes 

< I ^ fc |.iy+>. #+•>+*-»• 

< 1 4*1.8!*". 8— 

Accordingly, the series 
is convergent when 

|?|<r, \v\<?i |C|<8,* 

and it represents an analytic function for these values of the arguments. 
5. The family of lines tangent to the surface * (£, rj, £) = at the 
point (0, 0, 0) forms a cone that cuts the plane £ = 1 in the curve 
(f, (£, ^) = 0. If the line i?/£ = /?, £/£ = o, (a and (3 being finite) is 
one of this family, then the point £ — a, -q = /?, £ = of the surface 
$ (£ rj, £) = 0. (3) is at most a singular point of order m of that sur- 
face, and its neighborhood corresponds to a portion of the neighborhood 
of the singular point of the original surface * (£, -q, £) = 0. In fact, 
cut the surface 

* (6 * = o 

by the plane 

i?-/3£ = 0. 

Then the curve of intersection C will have a multiple point at (0, 0, 0) 
and the equations of the tangents to C at (0, 0, 0) will be 

> a = 1, 2, s < m. 

» Cf. Stolz, Allgemeine Arithmetik, Vol. I. p. 293. 
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Now, the transformation (2) being made, the points of the region 

T: \*\< 3, \v\< S, \t\<8, 

which lie in the neighborhoods of the lines 

> a- =1,2, s, 

£-aJ=0$ 

can, with the exception of the point (0, 0, 0), be transformed in a one- 
to-one manner on the neighborhoods of the points (0, 0, 0) of a set of 
surfaces 

9„ (£„» Vif = °> >r= 1,2, s, 

the coordinates being connected by the relation 

By the neighborhood of the above line is here meant the set of points 

(£, 7], £) which satisfy the condition 

l*-«rfl<«i:i, \v-Pt\<*\t\, \t\<&. 

To deal with the points for which a, fi would be infinite, cut the 
surface 

* (6 V , = o 

by the plane 

{=0. 

The equations of the tangents to the curve of intersection at (0, 0, 0) 

are 

£— an, 

1,2, t < m . 



£=0) 



By means of a transformation corresponding to (2), 

the points of T which lie in the neighborhoods of the lines 



-7 = 0) 
f=0) 



t = 1, 2, t ^ m, 



can, with the exception of the point (0, 0, 0), be transformed in a one- 
to-one manner on the neighborhoods of the points (0, 0, 0) of the set 
of surfaces 

9 r (i T , * 2) = 0, t = 1, 2, t < m, 
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'[ (5) 



:i 



the coordinates being connected by the relations 

$ - v Or + «r) ; 

By the neighborhood of the line 

is here meant the set of points (ft 17, £) which satisfy the condition 

\e-* T r,\< t \r,\, |C|<«b|, hi<«. 

The singularities of the surfaces 

5^(1,,, *h, =°» 
^U T ,r,, {)=0 

at the points (0, 0, 0) are at most of order m. Their further proper- 
ties will be considered later. 

Let G be an arbitrarily chosen (large) positive quantity, 8 a second 
suitably chosen positive quantity : then any point of T, for which 

\£\<G\t\> \v\<G\t\, 0<m<8, 

is carried by the transformation (4) into one of the neighborhoods above 
considered on the surfaces g a = 0. If £ = 0, but ft -q do not both van- 
ish, then the point (ft 77, f) is carried by (5) into one of the neighbor- 
hoods considered on the surfaces g T = 0. 

In (3), the function <j> (ft rj) contains the term £ m by 3, 2). Apply the 
transformation 

?-/3 = tt, (6) 

whence (3) takes the form 

* (ft V , O = fj>i (ft ift) + *xi(£ vu 01- 

In ^ (£, %), take out all terms not containing t) x , so that 
_ * _ »v _ 

<t>l (ft %) = II (f — a ff ) + 5J! fa (ft ^j), /«! + + (I, = W. 

<r = l 

Then make the transformation 

*-». = *„ (6') 

and we have 

* (ft ,, = c [?/ n' (ft, + a a - a,,)'"' + Vi * (ft,, Vl) + Zx (k *. 0] 
= «V,(*„ifc,t)=0 (7) 
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where g has a term in £*« free from -q x and £, since a — a , ■$. 0. So 
there are near the point (0, 0, 0) fx, values of f satisfying the equation 
g = for every pair of values of 171 and £ in the neighborhood of the 
point -qx = 0, £ = 0. Now, for any such set of values of £ , tji, £, 
different from the set (0, 0, 0), satisfying the equation g = 0, there is 
a corresponding set of values of £, i], £ satisfying the equation <f (£, -q, £) 
= 0, their coordinates being connected by the relations (2), (6), and (6'), 
which are equivalent to the required relation (4). Also by considering 

s 

the other factors of II (£ — a o .y l<r , we get (s — 1) other equations of form 

(7), the corresponding coordinates being connected by relations of 
form (4). 

No two points (£, v , £), (£', 1/, £') of T (distinct from (0, 0, 0)), de- 
rived from points (£ , rj r £j) (| „ rj 2 , £ 2 ) lying respectively in the neigh- 
borhoods of the singularities which are given by two distinct equations 

y<r = °» ff<r' = 0, 

can be the same. For suppose 

t = e = £ & + «,) = & &. + v) 

*=V = Ci On + £) = &(„ +i8) 
* = *' = & =4 

Then we must have 

£0 + a <r = K- + V> 

and, by taking the neighborhoods of the singularities in question suffi- 
ciently small, we can insure that the difference f ff — £ a , is less in abso- 
lute value than the difference a , — a . In a similar manner it is shown 
that, if the equation g = 0, regarded as an equation in £ , has equal 
roots for all values of r} lt £ in the neighborhood of the point ^ = 0, 
£ = 0, the equation <t> = must also have equal roots at the corre- 
sponding points, and this case has been excluded. So as each equation 
g = has near the point (0, 0, 0) /i values of f , in general distinct, 

s 

for each pair of values of rjx and £, and as 2 /x = m, the collection of 

(T = l 

equations 

3^ = 0, tr=l, 2, s, 

has within sufficiently small limits as many different roots as the equa- 
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tion <£> = 0, and thus represents the latter equation within the corre- 
sponding limits, i. e., when 



or 



Kl<3, M<«. U< £ > 

|f-a,C|<«K|, h-/9CK«lC|. UI < s. 



Next we consider points for which £ = 0, but $, -q are not both zero. 
For these we use the transformation 

i = lv, t=Zv (8) 

Then, by the same method of treatment as above, putting £ for ij and 
tj for £, and taking /3 = 0, we derive a set of surfaces 

*,(*,» *Z)=°i t = 1,2, <<m, 

on which are mapped all points of the original neighborhood for which 

t 



M<*. ,, 



< e lf 



and so all points for which 

|ij|<8i, |Cl<«ihl. U-« T nl<«il'j|- 

Here, we have a function corresponding to <£ (|, »/) : 

£(?,?) = (?, l,£) m 
Now, for the infinite roots of 

+ (£,}) = 0, 
we put the equation into the form 

(i,.,4)=o. 

So the equation 

<M?, I) = o 

is such that its roots for £ = are the same as the ratios of the infinite 
roots of the equation 

and by 3, 3) these ratios are all finite. 
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C. — The Number of the Neighborhoods, t u t 2 , t, 

REQUIRED TO REPRESENT T IS FlNITE. 

6. In the foregoing paragraph it has been shown that the neighbor- 
hood of each tangent line to the surface <t> = 0, at the singular point 
can be mapped on the neighborhood of a (regular or singular) point 
of the surface g = 0. We now proceed to show that the whole 
neighborhood 

T: |*|<8, h|<8, |*|<8 

can be covered by the neighborhoods of a finite number of such lines. 
We distinguish two cases : — 

Case I. — The polynomial <f> (fj if) has no multiple factors. 
Case II. — This polynomial has multiple factors. 

Theorem : The neighborhood T can be completely covered by a finite 

number of regions T x , T 2 , T v , which overlap each other and which 

are mapped respectively on the following regions t u t%, t„: 

In Case I: 1) the region t t , i = 1, 2, k, consists of the neigh- 
borhood of a singular point of the surface g® = ; 

2) the extent of each of the neighborhoods t x , t 2 , t K having been 

arbitrarily determined, the regions tj, j = k + 1, v, then consist 

of regular regions of surfaces g^ — 0. 

In Case II : 1) the region t it i = 1, 2 k, consists of the neigh- 
borhood of a singular point of the surface g® = ; 

2) the extent of each of the neighborhoods t u t 2 , t K having been 

arbitrarily determined, the regions tj,j = k + 1, v, then consist 

of regions of surfaces g i:i) = defined as follows ■' omitting the index j 
throughout, we write 

9 (£,, vv = Li + /», (v v C + +Pr Oh. 0] e ($ a , Vv o, 

where p e (%, £) is analytic throughout a region 

kl<*. Ul<8. 

Here r,for a given value ofj, is a positive integer satisfying the relation 
1 ^ r < m. 

Case I. — The polynomial <f> (£, rj) contains no multiple factors. 
Here, the equation 
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can have multiple values of £ only for a finite number of values of rj, 
these being the values for which the equations 

* = 0, ^ = 

9$ 

have common roots, and by the condition 3, 3) none of these values of 
7) become infinite. 

Now we consider all such values of r\ 

V = c r> r=l,2, /, 

for which the equation, considered as an equation in $, 

has multiple roots. Deal with each of these as in 5, c r taking the place 
of ft in (6) ; then, in equation (7), some of the ft 'a will, in general, be 
greater than unity, i. e. some of the equations g = will have for the 
lowest terms in f alone exponents greater than 1. For such as have 
their /j. = 1, there are regular points. The others will afford singular 
points unless they have terms of the first degree in either rji or £. 
Surround these points by neighborhoods 

i*j<*, ki<ff. m<s, 

i.e. 

which are to be considered later. 

Now let rj = b be any value for which the equation 

has not equal roots. Then the equations g a = of (7) each have a term 
in £ to the first degree, free from r\ x and £, and thus the points of the 
surface g = lying in the neighborhood of the point £ ff = 0, -q t = 0, 
I = 0, can be represented by a power series 

So, in this case, we have m developments 

K = P.<n>0> <r = 1 > 2 > »» 

and, by using the relations (4), we have 

*=JVOj»0> <r=l>2, m. 

It is readily seen that the function 
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is analytic within the region 

\rn\<h-e, K|<8i4=0, 

where h is the distance to the nearest value of 17! for which, the equation 
corresponding to 

has a critical point, e is a positive number which can be taken arbi- 
trarily small and, having been chosen, determines an upper limit, not 
zero, for Sj. In fact, $ is a continuous function of the two independ- 
ent variables ijj, £ within this region ; furthermore, for any fixed value 
of £ such that | £ | < 8 t , £ is an analytic function of i?i throughout the 
region | ^ | < h — e ; and, similarly, for any fixed value of rjx such that 
I Vi I < A — e, £ is an analytic function of £ throughout the region 

|£|<V 

Also consider the surfaces 

in 5. Here also we have m regular points of surfaces, and as a result 
m functions of the form 

These, by the same method of proof as above, are seen to be analytic 
when 

\l\<h 1 -e 1 , M<8 3 , 

where h is the nearest point in the £-plane for which the equation 

*(l = 

has multiple roots for £, i. e. the smallest value of £ for which the 
equation 

(I 1, £)*, = 

has equal roots for f. But this is the smallest value of - for which the 

equation 










* Cf. Briot et Bouquet's The'orie des fonctions elliptiques, § 28. The proof of 
continuity there given for polynomials in two variables will apply with very 
slight modifications to analytic functions of any number of variables. Cf. further 
Jordan's Cours d'analyse, I. § 206, § 258. 
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regarded as an equation in $ jr\, has equal roots. Thus 7- is the largest 

1 
value of if for which the equation 

has a critical point. So the functions are analytic and give all points 
of the original neighborhood for which 

: 



< h — e u hi < S 2 , 



> r- A — = r- + «. //' .x = *« + *n \ h * = hJ' 



\1\ 
or for which 

h — e t ~ h x ' h x (Ai — e x ) 

|C| = |Z1 W <3 2 (A 1 -e 1 ) = S 8 , 

thus securing the limits 

hi <S 2 , K|< 83, |,| > (A, + *)|£|, 

where A 2 is the distance to the furthest point in the i^-plane for which the 
equation 

has a critical point, and if e 2 is first chosen arbitrarily small, 8 3 can be 
determined not zero. 

Now consider the neighborhoods of the critical points of the curve 

<K?, n) = 0. 

In these, however small we take the 8, all the remainder of a circle in 
the 77-plane including all the values for which the curve <f> = has 
critical points can be covered with circles such as were determined for 
the domains of the regular points above, these circles overlapping the 
circles about the singular points and not reaching out to these points in 
any case. Let the radius of the large circle be G where 

G>\, G>h 2 + e 2 . 

Then, if we take for 8 4 the smallest value of any S 1 or S~, the develop- 
ments within these circles together with the neighborhoods of the set 
of new singular points will represent all points of the original neigh- 
borhood for which 

bl <<?««, ICKV 

Finally, taking for 8 the smallest of the three quantities 8 2 , 8 S , 8 4 , the 
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whole set of functions thus determined will represent all points of the 
original neighborhood for which 

M<8, U[ < s. 

The new set of singular points may or may not be all of degrees lower 
than m, but if they are we have simplified the problem ; we have reduc- 
tion, as we shall say, borrowing a term frequently used in the theory 
of algebraic invariants of a linear transformation ; and if not, the further 
treatment will be considered later. 

D. — An Example. 

Before taking up Case II, however, we consider an example in which 
the degree is reduced by one quadratic transformation, and the para- 
metric representation (.4) is at once secured. 

Let the surface be 

*(6*0 = F + 7 , -{ , -*r = o- 

The transformation 

secures for the equation corresponding to (3) 

*(?, 7.0 =*? + ?- l-££ = 0. 
Here 

<!>(£, v) = ? + ?-l 

and the critical points are 

f = o, 5 = 1, 

f=0, } = -l. 



Let 

and we have 

Hence 

Also let 

and we have 






Vl = -1 + V&(C-6) + l. (a) 

& = l» ^2 = V + 1 ) 



„ = i-V&«;-&) + i. (b) 

In (a) and (b), only that branch of the radical is taken which becomes 
+ 1 for zero values of the arguments. 
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Again, we make the transformation 



and derive the surface 



Here 



i 2 + l-£ 2 -€C 2 r) = 0. 



*(6 = ?+*-? 

and for the value £ = we have the roots 



Let 



£» = £ — *, 



and we have the surface 

(*• + 2»& - ? - fVa - t^ij = 0, 



whence 



In a similar way, from the other root, 



6 = £2+!i_ i v'2y + 4p-4. 



(c) 



(d) 



In (c) and (d), for the radical is taken only that branch which becomes 
+ 2 % for zero values of the arguments, and the function is seen to be 
analytic for sufficiently small values of rj when 

( 




m= 



<i-ei; 



aud similarly when 



> 1 + e. 



Thus, in the ry-plane, we have 
by the formulas (a), (b), (c), (d) 
covered two small circles about 
the points 1 and — 1 corre- 
sponding to developments (a) 
and (b),and all of the region 
outside of a circle of radius 
(1 + e), corresponding to devel- 
'//, opments (c) and (d). We must 
now obtain further formulas 
so as to fill up the remaining unshaded region. 
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Consider the point 

Let J = ft — 1 and we have 

ft 2 -2ft + ?-ft£ + £ = 0, 



whence 



ft = ^-£^-4^ +4. (e) 



In the same way, about the point 

i=l, 5 = 0, 

we have the function 

ft = ^ + * V^-4^+4 (f) 

In (e) and (f), for the radical we take only that branch which becomes 
+ 2 for zero values of the argument, and for sufficiently small values 
of £ the functions are analytic when 

Again, consider the point 

f = 2 Vl — * , ^ = l + 2». 
Let 



? = ft + 2V'i-;, ^ = , 7 + i + 2;, 

and we have 

ft* + 4 yT=7ft + V 7 2 + 2 (1 + 2 1) „ - ft £ - 2 VI~^7£ = 0, 
whence 

ft = - 4/v/1 ~ t ~^ + ^Vl6-16i + g 2 -4V-8(l + 20^ (g) 

For the corresponding point 

f = -2^1 -«, ^ = l + 2», 

we have the formula 



ft = lVj__L±i_ ^ ^16 - IB." + £ 2 - 4 % 2 - 8(1 + 2t) % . (h) 

In (g) and (h), for the radical we take only the branch which becomes 
4- 4 Vl — * for zero values of the arguments, the same value of the 
radical \/l — i being taken in all cases. These functions are analytic 
for sufficiently small values of f when 

| 1?7 | = | % | < 2 — £ 7 . 

Also, considering the corresponding points of 
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V 



for which 

^ = -l + 2», 
,= 1-2.-, 

5j = - 1 — 2*, 

we have evidently similar re- 
gions for each. Then, by taking 
the t's all small enough, we 
cover the whole unshaded re- 
mainder of the ^-plane by five 
circles within each of which there 
is a development as required. 

The sets of parametric form- 
ulae, derived by using the inter- 
mediate transformations, are 



■q = v V« (» — m) + 1 , 
1) — — v \/u (» — «)+ 1 , 



I = - (u 2 v + V** 4 ^ 2 + 4w 2 — 4) , 



v 



| = - (u 2 v — yV" 2 + 4 m 2 — 4) , 



£= gC**— V"* 



4»» + 4), 



^ = |(«+V«*-4« , + 4), 



1, 


l = V 


from 

u 


(a) 


1, 


CO 


y = v, 


£ = uv 


u 


(c) 


rj = v, 


£ = uv 


u 


(d) 


1) = UV , 


l=u 


<( 


00 


■q= UV, 


t=u 


u 


(f) 



£= s( M + Vl6— 16* + m 2 - 4« 2 -8(l + 2*> ), 



^ = m(v + 1 + 20, 



£ = w 






Vl6- 16* + w 2 — 4u 2 — 8(1 + 2i)v ), 
rj = u(v + 1 + 2 *) , £ == m 



(g) 

CO 



with three more sets similar to (g) and (h). 

Case II. — The polynomial <f>(£, 77) contains multiple factors. 

Here, any points which are common to two different irreducible 
factors of <j> (£, rj), or are critical points of a single irreducible factor, 
will be critical points of the curve 



*(£v) = o, 



[ 
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and all such points, a finite number in all, will be treated like the 
critical points of the previous case. But also any point on a multiple 
factor is a critical point of the curve, and further treatment is needed 
for such points. 

Suppose J = a, rj = fi is a regular point of a factor <f> t (J, rf) of mul- 
tiplicity r, i. e. of the irreducible factor whose rth power is equal to 
4>\ (ij v) an d no * a point °f any different factor of <f> (£, rf). Then, in 
the corresponding equation of form (7), g will contain a term £ r as the 
lowest term in | r free from r/i and £, and by Weierstrass's Theorem * 
we can develop the function about the point in the form 

C + Pi <m, QC+ +P r (v» 0] m* vi, = o. (9) 

These functions 

P x (yi,®> A. = 1,2, r, 

are shown by a method similar to that used for the functions in Case I 
to be analytic within a region 

M<A-«, U\<S U 

where h is the distance to the nearest value of rji which gives a point 
of intersection of two different irreducible curves corresponding to factors 
of 4> (6 ■>?)) or to a critical point of one of the irreducible curves. 

Now none of the excepted points can be at infinity, on account of the 
provision in 3, 3). So the points on the surfaces g r = in 5 will also 
afford developments of order (9), and by the method of Case* I, we 
have a similar region for the convergence of the coefficients of the 
different powers of ( in the polynomial, i. e. the exterior of a circle 
including all of the excepted points. 

Accordingly, in this case also, we represent the neighborhood of the 
original singular point by a finite number of neighborhoods of new 
singular points together with a finite number of functions, some of which 
are now not analytic for the values of the arguments considered, but 
satisfy equations of the form 

£ + Pi (vu ®C + + v r (m, €) = o. (li) 

For the further treatment of these functions, we shall establish an 
auxiliary theorem in § 2. 

* See Picard's Traite d'analyse, Vol. II. p. 241. 
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Any point in T can be carried by a suitable transformation into a 
point on one of the surfaces g = or g r = 0. Let G be an arbitrarily 
chosen (large) positive quantity ; then any point of T for which 

|||< G\t\, \v\<G\t\, |£|<S, 

is carried by the transformation (4) into one of the neighborhoods con- 
sidered on the surfaces g = 0. 

If '£ = 0, but $, n do not both vanish, then the poiut (|, rj, s) is car- 
ried by (5) into one of the neighborhoods considered on the surfaces 

9 T = 0- 

§ 2. 

A. — A Lemma. 

1. The treatment of the multiple curves of Case II depends on the 
following 

Lemma. — Given an analytic surface 

#(*>#> z ) = 4>( x > V) + z *( x , y> z ) = °> («) 

where 

4>{x,y) = 

is a multiple curve ; let (f> (x, y) have the form in the neighborhood of the 
point x = 0, y = 0, 

<f>(x, y) = [x+p (n)TE{x, y), (/?) 

where ip (y) is analytic at the point y=0, and p (0) = 0. The function 
* (x, y, z) shall be analytic at the point (0, 0, 0), but shall not be divisi- 
ble by x + p(y) at that point. Consider a region for which \y\ < A, 
and let h be chosen 

a) less than the radius of convergence of the Taylor's series which 
represents the function p (y) developed about the point y = 0, and 

b) sufficiently small, so that the points (x — p (y), y) will lie in the 
region in which E{x,y) is analytic and different from zero. Then the 
part of the neighborhood of the curve 

x + p(y)--=0, z = 0, 

which lies on the surface 

*0,y, z)-0 

can be transformed, by means of quadratic transformations of the type 

x = xz, 
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on a finite number of regions t 1( t 2 , r , which fall into two 

categories : — 

1) the region t ( (i = 1, 2, k) is the neighborhood of a singular 

point of order < m ; 

2) each of the neighborhoods of 1) having been determined arbitrarily 

small, the region t s (i = k + 1, v) is then a regular piece of an 

analytic surface, represented in its whole extent by a single set of para- 
metric formulae of the type (A). 

By the neighborhood of the curve 

x + p(y) = 0, e = 0, 

is meant the set of points (x, y, z) satisfying the relation 

\y\<h, \z\<8, |« + /»(y)|<«. 

B. — Proof of the Lemma. 

2. To prove the lemma we begin by expressing equation (a) by means 
of (J3) in the form 

* (*. y, 2 ) = O + p &)]"-#(*, y) + z^(x,y,z) = o, ( 7 ) 

and then making the transformation 

x+p(y)= Xl , (S) 

thus obtaining the equation 

*(*» V, z ) = *i(*i, y, z ) - x 1 m £!(x 1 , y) + zxf> x (x x , y, z) = 0. (/) 
Here, the function E (x u y) is analytic and different from zero in the 
neighborhood of any point x x = 0, y = y , (\y a \ < h), which corresponds 
to the neighborhood of the point x = p (y ), y , and hence JE(x u y) is 
analytic throughout a region including in its interior the regiou 

l*i I < € > \y\ < h > 

if the positive quantity e is suitably chosen. A similar remark ap- 
plies to the analytic character of the function i/^ (x lf y, z), and hence 
$1 (. x u #> z ) is an analytic function of its three arguments throughout 
a region including in its interior the region 

|*i I < *> \y\< h, \z\ < 8. 

Now express equation (•/) in the form 

#i On y, *) = 2p r , (y) x{z* + F(x u y,z) = 0, (t) 

where 

< r + s = mi ^ m, 
vol. xxx vn. — 20 
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m 1 being the lowest degree of any term in x x and z together, and 
F(x x ,y, z) including all terms of degree higher than my in the two 
variables x x , z. Each coefficient p„ (y) may be divisible by a power 
of y, y'. In that case, however, m x must be less than m, for the term 
in x™ is present in <J?i (x u y, z). 

By means of a transformation with non-vanishing determinant, 

a; 1 = a 1 ar 2 + /3 1 z 2 ) 

z = a 2 x 2 + p 2 « 2 ) 

$j can be thrown into the form : 

*iOi, y, «) = * 2 («2, y, « a ) = 

9oO)*2 m i + qi(g)x™- 1 ** + + S-miO)^ + -F 2 (o; 2 , y, z 2 ) = ( fl ) 

where ? (#) £ 0. 

Consider first the points of the circle \y\ < h at which y (y) = 0, if 
such exist. Each one of these points y { , (t = 1, 2, k) is a singu- 
lar point of $ 2 = of order not greater than m, and its neighborhood 

|*i|<«, |y-y 4 |<e, |*| < 8 

may be chosen arbitrarily small. 
Surround each of these points in the 
circle \y\ = h by a circle of arbitrar- 
ily small radius t'. We now proceed 
to consider the region about an arbi- 
trary point a of the circle \y\ < h not 
lying in any of the regions just cut 
out. Let 

yi — y — a 

and let 4> 2 then be written in the form 

$2 <>2> y, «2> = *2 («s, y 2 , * 2 ) = 

= [x 2 m i + r 1 (y 2 )z 2 '"- 1 z 2 + + r mi (y 2 )z 2 m qE(y 2 ) + F 2 (a? 2 ,y 2 , z 2 ) 

= 0. (fi) 

3. Apply to the function * 2 the quadratic transformation 

x 2 = x% z 2 . 

* Here, for the first time, a quadratic transformation of the type that trans- 
forms but a single variable is employed. Such transformations do not occur in 
Kobb's analysis. They appear to be indispensable. 
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Let the result be written as follows : — 

*2(*2,y2, z 2 ) = «»"• *,(»»» #2> « 2 ) = 

*2 ra ' {[>3 m ' + n (y 2 ) x^- 1 + + r m (y 2 )] .0(0.) + z 2 i?* 8 (a: s ,y 2 , z 2 )} = 0.(k) 

From this last equation we deduce the following theorem : — 
All points of the surface $ = «'» the neighborhood of the curve 

are mapped upon a finite number of new neighborhoods which are 

1) neighborhoods of singular points of degree < m, which neighbor- 
hoods may be taken arbitrarily small ; 

2) neighborhoods of new multiple curves on surfaces constituted like 
the surface <I> (x, y, z) = of the lemma, the values of m thus arising 
never exceeding the original m of the lemma. 

By the same kind of reasoning as in § 1, 5, we show namely that for 
any one of the above values of a, the corresponding value of y 2 being 
in or on the circle of convergence of the Taylor's development about 
the point z 2 = of the function 

r K^)> A. = 1,2, »»!, 

all points of the surface $ 2 = in the neighborhood of the curve 

<t>(x,y) = 0, 2 = 0, 

are represented by points in the neighborhoods of points of the curve 

*s m i + n fa) x™- 1 + + r mi (y 2 ) = , z 2 = 0, 

on the surface <J> 3 = 0, i. e. if such a value of y is b, so that the corre- 
sponding value of y 2 is (b — a), and if the roots of the equation 

x s m i + r 1 (b-a)x s '\- 1 + + r OTi (4-a)=0 'fa) 

are a^ a 2 , a mj then points of the surface $ 2 = for which 

N < 8 > hl< 8 > y = 6, 

are connected with the points of the surface (k) by the relation 

x i = z 2 (x <r + a<r ), y 2 = b — a, o-=l, 2, m^. 

Further, if we limit y 2 to a circle not reaching out to the nearest point 
for which q^iy^) vanishes, we have an upper limit for a a as a root of 
the equation (ji), and thus by taking z 2 and x a small enough we can make 
x 2 as small as we please. Then the transformations (8) and (£) still 
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secure a limit for the values of x and z, and thus we have represented 
a neighborhood of the curve 

<l>(x,y) = 0, z = 0, 

on the surface 

* (*> y, «) = 
as required. 

Now, however small the neighborhood we shut off about the points 
in the region \y\ < h for which qt>(y) vanishes, since the results estab- 
lished above would hold also in a circle of radius h t > h, but still less 
than the radius of convergence of the series for p (y) in (ft), we can fill 
up the remainder of the circle of radius h with circles within which 
q a (y) does not vanish, these circles overlapping at all points the bounda- 
ries of the excepted neighborhoods and not reaching up to the excepted 
points. Within each of these circles we have a development of type 
(k). Consider one of these new circles. We want to consider the 
neighborhood of the curve 

<k (*r SO = x ™ 1 + r i (S») x " r ' 1 + + SW = °- (") 

If this is a multiple curve of the m x -th order and m x < m, we have 
reduction. Moreover, if m t = m, but 

* 3 m ' + n{y 2 )x 3 m ^ + + r mi (y 2 ) 4= [ar t + /> 8 (y 2 )] m ., 

we also have reduction. We need consider, therefore, only the case 
that 

*3^ + n (s^Xa" 1 !- 1 + + r m (ft) = l>s + p* (ft)]"\ 



m x = m, ) 

and show that this case can repeat itself at most but a finite number of 
times. 

4. Suppose the function <f> a (x s , y 2 ) nas tne f orm ("')• Apply to the 
surface $ 3 (x 3 , y 2) z 2 ) = 0, («), the transformation 

x 3 + p 3 ($ 2 ) = *i, 
and reduce the result to the form 

*4(*4, ft, O = *4 mi -#(ft) + BaFt(. x *> ft> *s) = (°)« (°) 

If any term in z 2 F i (x i ,y 2 , z 2 ) is of degree in x 4 and z 2 together less 
than m u it appears at once that we have a line of lower order. So we 
assume there are no such terms. Also, as the coefficient of x™^ does 
not vanish identically in y 2 (in fact, not at all) no transformation of 
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type (£) is needed, and after collecting all terms of the wij-th order we 
make at once the substitution 

*4 = X s Z a , 

and proceed in the same manner as before if the degree is not reduced. 
For convenience, we suppose the succession of multiple curves of the 
same order to begin with that on the surface 4? = 0, and use a nota- 
tion independent of that hitherto employed. 
Our successive transformations are of the type 

x —Pi(zf)=xi x 1 =x 1 z 

*i — Pa(^)=*a x i = x 2 z 



Or) 



whence 



* = pi(y) +P2(y) z +P3(y) z!> + +p v (y) z "~ 1 + */• 0>) 

Develop the function * in (y) by Weierstrass's Theorem : 

*(*, y, z) = [af + qx{y, z)x m ~ x + + q n {y, z)}F(x,y, z) 

= F(x,y,z)F(x,y,z). 

From (p) we derive the relation : 

9F _9F9x v _ 1 9F 

9x ~ 9x„9x ~~ z v 9x v ' ^' 

The succession of transformations (ir) so long as it does not reduce the 
degree in x and z, takes out of the F factor at each step the factor z", 
since, on account of the constant term in the E factor, no power of z 
could come out of it. So, after the v transformations (V), we have 



and by (<r) 



F(x,y,z)=z™F v (x y ,y,z) = 
z™[_x™ + q (s, z)*,"- 1 + + q (jf, *)], 



w 



9F , 9F V 
9x 9x v 



Now we may consider F as having no multiple factors vanishing at the 
point (0, 0, 0). So we have the relation 

9F 
L(x, y,z)F+ Mix, jr, «) g— = S(g, z) = z^R, (j,, z) («) 
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where 



J? 
Substitute in equation (v) for x from (p), using for F and ^r— their 

dx 



tation (y) for x fro 
values as derived above, and we have 

z™ Z„ (*„ y, z) F v + g*»~VMr (x„ y,z)~ = z* R x (y, z). 

G/X v 

The left side of this equation is divisible by g v(m ~ 1] an d so the right side 
must be also. 

v(m — 1) <£ X, 

and we have an upper limit for v, the number of transformations which 
leave the order of the multiple line unchanged. 

The securing of the regions of class 2) in 1, follows from the reduc- 
tion just proved. If for all multiple curves of order n or less the lemma 
is assumed to hold, this reduction establishes it for all curves of order 
»+ 1, since by it the neighborhoods are represented by those of lower 
order. But we know it to be true for curves of the first order, and so 
by mathematical induction we establish it for curves of all orders. 

5. The neighborhoods of singular points in 3, if they are of the m-th 
order can be taken along the curve 

<j>(x,y) = 0, a = 0, 

on the surface 

3>{x,y, z) = 0. 

In fact, the first lot of points excepted, those for which in equation 
0?) 9o (y) vanishes, are along the line 

x 2 = 0, 2 2 = 0, 

which is connected with the original curve by the one-to-one transfor- 
mations (8) and (£). Also so long as the multiple curve does not break 
up into simpler curves, the neighborhoods correspond, and when this 
reduction takes place we can cut out the neighborhoods of the points 
common to all of the resulting curves by cutting out neighborhoods 
along the original curve for the same values of y. 

C. — The Reduction op the Original Singularity. 

The transformations hitherto considered, when applied to the original 
surface $ (f, 17, £) = 0, make it possible to map the neighborhood of 
the point (0, 0, 0) of that surface on a finite number of regions which 
are of two classes : — 
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1) neighborhoods of singular points of transformed surfaces ; 

2) regular pieces of transformed surfaces. 

The pieces of class 2) lead at once to representation by means of para- 
metric formulae of type (A). The singular points of class 1) are all 
of lower order than the original singularity except in one case, and it 
is this case that it remains to consider in §§ 3, 4. The case can pre- 
sent itself at the outset only if the polynomial (ft ij, £) m is the product 
of m linear factors in ft rj, f, all vanishing for a single set of values of 
the arguments ft rj, £ not all zero. Geometrically, the tangent cone, 
(ft rj, £) m = 0, of the surface * (ft i), £) = at the point (0, 0, 0) con- 
sists of m planes having a common line of intersection. It is found 
necessary to distinguish two sub-cases according to whether the planes 
themselves are not all coincident, or are all coincident. 

To sum up, then, we already have reduction in all cases except when 
we are led to singular points in class 1) of the particular type just 
described. 

§3. 
A. — The Singular Points of Special Ttpe. 

1. In the special case in which the function (ft rj, £) m is composed of m 
linear factors, each vanishing for all points on a common line, it is possi- 
ble to reduce the singularity by means of a finite succession of quadratic 
transformations together with certain additional transformations. 

We consider two cases : — 

Case A. — The m linear factors of (ft t\, £) m are not all equal. 

Case B. — The m linear factors of (ft rj, £) m are all equal. 

2. Case A. — (ft rj, £) m is composed of m linear factors not all equal. 
The surface can be expressed in the form 

*(ft rj, = (ft ,)„ + (ft r,, 0,+i + = (13) 

where (ft rj) m contains terms in both £" and if. 
If the surface were in a form 

/(«, v > w ) = ("> v, w) m + (m, v, w) m+l + = 

with the condition that the m linear factors of («, v, w) m all vanish for 
the line 

u = aw, v=fiw, 

we could make the transformation 

£ = u — aw, 7] — v — /2w, £ = w> 
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and all the resulting linear factors would have to vanish when 

£ = 0, , = 0, 

and so not contain £. 

Also by a linear homogeneous transformation in £ and i\ we can se- 
cure the presence of terms in f and if, and in such case every linear 
factor of <j> (f, rf), which here is (£, -q) m itself, will contain £ and thus 
secure condition 3) of § 1, 3. 



B. — Quadratic Transformations. 

3. The succession of surfaces and corresponding quadratic transfor- 
mations which are applied to the new singular points as found, so long 
as they do not reduce the degree, can be written in the form 



*i(&,'fc9=£"*!(&»'fc'0> 



*=C(6+yi)i 7=C(in+8i), 



Hi*) 



& v -i(£ r -i,yv-i,9—£ n ®v(€v>v»0> £—i=£(f"+>)> v—i=i(.v*+^)- 

Apply to the surface (13) the transformation 
and we have 

*(*, V> = {"[(& *)• + £(&, Vl, l)m+l + ] 

= f[(&,li)-+C^ i.i»i,0] (15) 

As we assume the transformation does not reduce the degree of the 
singular point, there can be no term of degree less than m in the part 
£\j/ (&, i?i, £) and as all terms of this contain £, when we put the expres- 
sion in the form 

* X (&, *, = (&. *?!> £)• + (&, ^ Om+1 + ( 16 ) 

we will secure reduction by another quadratic transformation unless 
(t ^ 1; £) m is the product of »w linear factors with a common line of 
intersection. In this case the factors cannot be all equal, for then 
(£i» ^d 0) m would have its linear factors all equal, but these are the 
factors of (&, i;i) ra . Also the common point of intersection of the lines 
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in which the plane £ = 1 cuts the planes corresponding to these factors 
is at a finite distance. We have now the conditions 2) and 3) of § 1, 3, 
and are ready to apply the transformations 

giving 

*x (&, i/i, = C [(&, Vu 1)» + *(£. 7i» l)-w + 3 = 0- (17) 

Now if f, = yj, j/i = 8 2 , is the common point for which the m factors of 
(li> Vi> *)» vanish, then the substitution 

it = ll — 72» % = Vl — ^2 > 

gives a group of with degree terms in f 2 and rj 2 exactly corresponding to 
the terms of (£ rj) m . So in the successive collection of terms of the 
»»th degree, the terms of ($, rf) m are always carried over with merely 
a change of subscript, and thus we never introduce the condition of m 
equal linear factors. Accordingly so long as the degree of the singular 
point is not reduced, the intermediate transformations are of the type 

^ = f„& % = vj, 

£p+i ~ S ~~ Vm ' Vf-i = \ ~ Vl-i ' 
thus securing the succession of transformations (14). 

4. The succession of transformations in 3 will lead to the relation 

f~Z (£,, * *„ + M((„ Vr ,0 1^> ^L = R(r,,£)$0 (18) 
where 

**(&> ^ = **(&, Vr, £)-#(&> ^. 0- 
Combining transformations (14) we have the relations 

t = yiC + y,C + + >£" + «„) 

ij = «iC + « 2 + + 8^ + frij, J (19) 

*(6 % = r"*,Gf„ ^, 

As * contains both { m and iy m terms, we can develop by Weierstrass's 
Theorem. 

*(6 v, = If + M* oe^+ + Pm ( v , OlMt, v, 0) 

= *(Z,v,0M£,v,0 
*(6 v, = If + 9i(£, O^ 1 + + g m (i, 03* (fe % 

As the function .#, (£, 17, £) contains a constant term, when the first trans- 
formation of (14) is made, the factor £™ must come out of the 4>, and a 



(20) 
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similar result is true for all of the succeeding transformations. So in the 

first part of (14) we could write <5 for <i>, <i> K for <£,,, (jj. = 1, 2, v), 

where the 5>'s are derived successively in the same way as the $'s. At 
each stage the * factor must contain all the terms of lowest degree in 
the corresponding <f> (except for a constant multiple), and no lower 
terms ; for, otherwise, either there would be lower terms in the product 
by the corresponding E factor on account of its constant term, or the 
required terms would not be present. 
Now, by (19), 

Also 

<S = £»"§„; (22) 

and, combining with (21), we have 

?1 =»»-!» S ll. (23) 

9$ 4 9i„ K > 

But as $ has no multiple factors vanishing at (0, 0, 0) (see § 1, 3), we 
have the relation 

L(i, v , 0* + M(i, v , || = R(v, 0*0. (24) 

Then, substituting for £ and ij from (19) on the left side of equation (24) 
and using the relations (22) and (23), we have the required relation (18). 
5. If v is taken large enough the transformations (14) will lead to the 
relations 

MS» *> 0*» + M v ($ n Vn |J = {* [ Vy + ^(OlT^iVn 0, (25) 

where 

*,(&, Vv, = *r(fe *, 0^1 (&> >> = *r(fc V», 0M&> V» ©• (27) 

We consider the effect of the transformations (14) on R in (18). Ex- 
press it in the form 

R(v, = n(v, 0» + (v, o« +l + ] = ?S(v> o. 

where 

S(v, o) # o. 
If (17, On contains no term in 17, the first transformation of (14) will al- 
low the factor f to be taken out of S, leaving behind a constant term, 
and thus securing the form (25) at once with 
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q t =p + n, r x = 0. 

Next, suppose (17, £)„ does contain terms in rj, but no term in rf, i. e. we 
can express it in the form 

where {rj, £)„_,_, contains terms in both if^-* and ^"~ r ~ * and s > 0. 
Then if any transformation 

is applied, there can be divided out of (7?, £)„ the factor £" leaving behind 
as the term of highest degree one in rf~'. This cannot be cancelled 
with any term from another part (77, £)„+;, for any term from this would 
have as a factor £ l after the £" has been divided out. As long, then, as 
the 17 variable does not enter to the highest degree in the expression 
corresponding to (»?, £)„ if n > 0, the degree of the S factor is decreased 
with each transformation, while the exponent of £ outside may be in- 
creased. Accordingly, by a finite number of transformations, we re- 
duce the $ factor either to an E function or to an expression in which 
the 17 variable enters to the highest degree in the collection of terms 
of lowest order. In the former case we have the form required. In 
the latter case, suppose for convenience that this condition holds for the 
function S (rj, £). By Weierstrass's Theorem we develop in the form 

S(v, = Lv n + niOv"- 1 + + r n (0]E( v , 

= T( v , Jffo, I). (28) 

Consider the n factors of T(rj, £), 

T(v, = np? + *(0]. (29) 

If the factors are not all equal, pair them off, so that in each pair there 
will be two different factors, leaving a number of equal factors : 

{[v + «*i(O][v+*i(0]} {lv+%tt)]Lr,+s H (m} [>+S,(0J- (30) 

Now, for each pair, 

^» = [7 + «,(0][ij + *,«)], 
we have the relation 

K+P*(v,0~* = MZ)$o, (3i) 

CJ7) 

since the two factors are unequal. Then, by the same reasoning as used 
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in 4, the succession of transformations (14) which leaves the degree of 
T unchanged will secure for equation (31) a form 

VBhfa + trPHfa 0^ = MO = ?e(q. 

The left side of the equation is divisible by £", and so the right side 
must be, 

v < A, 

and we have an upper limit for v, the number of transformations which 
leave the factor N k of the second degree, and as a result leave the func- 
tion T of the nth degree. So, unless the function T{rj, £) in (28) is 
composed of n equal factors of form 

D» + ««)?, (32) 

the transformation of (14) will finally reduce its degree. Then, by ap- 
plying the same reasoning to the resulting function, we see that finally 
the function corresponding to S(rj, £) either becomes an E function or 
has besides the E factor a factor of form (32), thus securing the form 
(25) if we divide out the factor ^i™- 1 )". 

The condition (26) is secured by using on the second equation in 
(20) the same kind of reasoning as applied in 4 and 5. Then we take 
for v the larger of the two values required to secure conditions (25) 
and (26). 

C. — Further Transformations. 
6. A transformation 

iv= il — <o 2 (0 | 

r)v = i) v — u> x (£) \ 
applied to the surface 

in 5 will secure a form in which the singularity will be reduced by 
either 

1) a further succession of transformations as in 3, 

2) the method of the Lemma, § 2. 

Let us consider here the case in which either r x or r 2 in (25) and (26) 
is zero. Then in one of the equations a further succession of trans- 
formations of type (14) will not change the power of £ as a factor on 
the right ; and if there are p such further transformations, the reasoning 



(33) 
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of 4 shows that the left side becomes divisible by Q™- 1 ^. So we have 
either 

(m — l)/i.<q 1 or (m — l)p<q 2 

and thus an upper limit for p., the number of transformations which 
leave the order of the singular point unchanged. 

Now, to consider the transformation (33), we see that it is a one- 
to-one transformation by which the surface remains analytic near the 
origin, a^ (£) and <y 2 (£) contain no constant term, for otherwise the 
factor 

V + <°i (0 or if + <»2 (0 

could be combined with the E factor. Then the transformation (33) 
leaves the E factors still E factors, and the factors vanishing at the 
origin still vanishing there. Also, it is easily seen that this transfor- 
mation leaves the terms of type (£, rf) m still in the part (£ v , -q v , £) m . 
Further, if the function $■,(£„ -q„ £) goes over into XQ„ t) v , £), we have 

96 P _9X_ 9X91 V 9X 

Sir Sir SirSiv Sir 

and similar conditions hold for the partial derivative with reference to 
Tj v . Accordingly, if by the transformation (33) <£,,(£„, tj v , £) goes over 
into 12 (ir, t]„ £) we replace equations (25), (26), and (27) by 

Ml, V», X($r, ^, Q + M(lr, Vv, 0~ = fr V»-E(», 0, (34) 

Sir 

_ - _ _ _ _ SH 

Pr Hr, Vr, Q B((„ r,., Q + Qr (ir, V>, T^ = ?> €*£($„ 0, ( 35 ) 

St\ v 

n(i„ vv, = X(i„ v„, QA(t* v», - H &> v>, QJB*G„ yr, 0. (36) 

Now, in a further succession of transformations of type (14) on the 
surface O (i v , -q v , £) = 0, if there enters either a y or a 8 not 0, then on 
the right side of equation (34) or (35) the only factor remaining outside 
of the E factor is a power of £, and we must finally have a reduction as 
shown above. So it is only in the case in which all the y's and S's of 
the later transformations are that we are not already sure of reducing 
the singularity. Now if in O (i v , ir, there is any term of degree less 
than m in |„ and -q v combined, such a succession of transformations must 
reduce this term to a degree less than m and thus reduce the singularity. 
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For suppose such a term to be a£ / i) »£*, where /+ g < m. Then, by 
a succession of p transformations such as defined, we have 

(derived from form of (19) when all y's and S's are 0). Substituting 
this in the expression above we get 

But we must divide out of this £ mp , so that we have left the term 

" iy+p 'h+p t 

This term could not combine with any other derived in a similar way, 
for if we had another term bg -if t, , we should get 

Iff 9 fM-pif+g-m) 

and this would not combine with the other unless k = h. Now, if the 
degree of the singular point is not reduced, we must have for the sum 
of the exponents 

f+g + h + p(f+ g — m) ^m 

or (p + 1) (to — /— g) <; h, 
and as m >/+ g 

P + 1 ^ 



-f-9 

thus securing an upper limit for p, the number of transformations which 
leave the term and the singular point of the mth order. 

So it is only in the case in which all terms of li (£„, ??„, £) are of 
degree not less than m in f" and t\ v together that we do not have a re- 
duction of singularity by the succession of transformations of type (14). 
But, in this exceptional case, we have the conditions of the Lemma of 
§ 2, where in equation (&) we take 

Iv = *2, Vv = «a> £ = Vi, 

the singular line being 

^ = 0, |„ = 0. 

There is in fl(|j,, rj v , £) a term in $„ m , and so the expression q (y 2 ) 
does not vanish when y 2 = 0. Accordingly, within a neighborhood 
about this point, we can break up the singularity by the methods of 
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§ 2. Further, since the expression (f„, rj v ) m is not composed of m equal 
factors, the part 

q (Q)x,*h. + q 1 (p)x 1 "h.- 1 s + + ^(0)z 2 "H 

from (0) which corresponds to (£„, rj v ) is not composed of m equal factors, 
and the resulting curve in («) 

xf* + n^x^- 1 + + r mi (j/ 2 ) = 

has not m equal roots when y 2 = 0. So a single transformation of the 
kind in § 2, 3, reduces the singularity in the neighborhood considered 
here. 

7. The neighborhood of the original singular point is mapped upon 
a finite number of neighborhoods of simpler points. 

At every stage the function (f w ij w £) m contains the terms of the 
type (|, rf) m found in the original equation (13). So there is but one 
singular point of the m-th order in the finite region of the i; M -plane. 
Further, the equation (f w 1, £) m = for the value £ = cannot have 
m equal roots since ((, rj) m is not a perfect m-th power of a linear factor. 
Accordingly, the transformation corresponding to (8) in § 1, 4, cannot 
produce a singular point of the »»-th order. So, at each step, the 
neighborhood of the singular point is represented by a number of regions 
as in § 2, C, in which but one of the points of class 1) is of the mth order. 
Further, the extra transformations (33) carry the neighborhood of the 
singular point over into that of the new point. So, by combining all 
the representations, as the singularity is finally reduced, we have the 
original neighborhood mapped upon a finite number of regions as in 
§ 2, C, in which all points of class 1) are of order lower than m. 

§ 4. 

A. — The Singular Points op Special Type (continued). 

1. Case B. — The m linear factors of (£, 17, £) m are all equal. 
The surface can be expressed in the form 

*(6 v, = [f + Mv, 9£ m - 2 + + /»»(* 0] ^ (6 v, 

= X(£, V , QE ((,1,0 = 0, (37) 

where, in X, ( m is the only term of degree m. 
If it were in the form 

/(«, v, w) = (au + fir + yw) m + (u, v, w) m+1 + = 0, 

as one of the three numbers, o, /8, y, is not zero, suppose a = 0. 
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Then by a linear homogeneous transformation 

V = V 

w — w) 

we secure the form 



X 



f(u, v, w) =f(u, V, w) 

= u m + (w, v, w) m+1 + 

By Weierstrass's Theorem we can express this in the form 

f(u, v, w) - \u m + p x (v, w) u'"- 1 + + p m (v, w)] E(u, v, w). (38) 

Now, in the expression 

P\& «)» X = 1, 2, m 

there is no term of degree less than X + 1, for otherwise on account of 
the constant term in the E factor, there would have to be present in/ a 
term of degree < m containing v or w. 
Make in (38) the transformation 

« + \ Pi (v «) = £ ) 

As p x (v, w) contains no term of degree less than 2, by the considera- 
tion above, f goes over into form (37). 

B. The Quadratic Transformation. 
2. The transformation 

£ = i£> v — yC> 

applied to 4> (£, r/, f ) secures the form 

* a, v, o = r * (£ * o = f [?"■ + £* (?> v> 0]- (39) 

Here the curve <f> Q, rj) = becomes J™ = 0, and so, applying the 
Lemma of § 2 to a circle in the -q-plane however large, we have within 
it but a finite number of singular points to treat further. But one such 
circle is needed, for by taking it large enough we can deal with all of 
the ij-plane outside of that circle by the transformation 

So we need to consider for further treatment only a finite number of 
points along the line £ = 0, and the point at infinity. 
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3. The quadratic transformations to be used are of two types 

1) £„ = £h-i£" %i = 0?h-i + Vr)C« ( 40 ) 

2) ^ = i„+ivn Ci = (&+1 + *m-i)i?m- (41) 

In a succession of transformations of type (14) we see that y x = 0, 
since the first set of points is taken on the line J = 0. Further, sup- 
pose after the substitution rj — 8 X = ^ in <f> of (39) the expression 

(f, Vl On, 

contains terms besides the f m ; then it cannot be composed of m equal 
linear factors, for that would require a term containing I"" -1 ; but no 
such term can arise from the factor X of (37), and, on the other hand, 
it could not be the product of a term from X by a non-constant term of 
the E factor, for then, on account of the constant term of the E factor, 
there would have to be present in $ a term of degree lower than m. So 
as soon as the function corresponding to <j> of * contains more than the 
mih power of the £ variable, the function corresponding to (f, 17, t) m is 
no longer the product of m equal linear factors, and we have one of the 
cases treated earlier. 

The same considerations apply to the transformations corresponding to 
type 2), since, when the transformation which deals with the infinite 
region is introduced, the first one of that order is of form 

i = h, t = h- 

Accordingly, the most general succession of transformations here is 
one in which groups of types 1) and 2) alternate. We shall call them 
the £ and 17 types respectively, and when a change is made from one type 
to the other, we shall speak of it as a reversal of type. 

We shall treat the subject in two cases, first supposing that there is 
no reversal of type in the succession of transformations used, and later 
supposing that reversals of type occur. 

C. — Succession op Quadratic Transformations in which 

THERE IS NO REVERSAL OP TYPE. 

4. After a sufficient number of quadratic transformations the surface 
can be reduced to the form 

[(C+^^G* 0C*+' • • + %f' E G» *>]*(*» v» 0, (42) 

vol. xxxvii. — 21 
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while all later transformations can be taken of the type 

in = £r+lt, V* = Vn+l£- (43) 

After v transformations of type (40), since there can be no interchange 
of terms among the coefficients of the different powers of the f variables 
in the X factor of (37), the surface will take the form 

*■/(&» tin = -2T*(&* t\„ £)E(£ V , i) v , £) = 

CC + ft» Ofc C* + + *»» (*» 0] *(k »7v, = 0. (44) 

Now by the same reasoning as used for the function B in § 3, 5, if v is 
taken large enough, the coefficients of the powers of f„ in X v will all be 
of the type 

v» {tin o = F'tvv + y* (QT*<n- 0. 

« = 2, 3, .■ . . . . m. 
For any one of the functions 

t,v + "(0 
there is a determinate succession of transformations of type 

V* = £0?M-1 + <Wl) 
which will leave it of the same degree after the £ is divided out, all 
others reducing the degree at once , i. e., if 

Vu. + v(0 = Vll + a x £ + a 2 £ 2 + , 

we must take 

V* = £(*?H-l ~ a i)> 
i? M +l = £0m-2 — a*), 



etc. 
So, unless the factors 

t]v + v. (£), s = 2, 3, m 

are all equal, we must have finally some coefficient of a power of £„ with 
the i7„ present only in the E factor, and by taking v large enough we 
come to a point where all the factors 

V" + "«(£)> s = 2, 3, m, 

are equal, some of them possibly having zero exponents. 
Then we use the transformation 

ib+v»(.Q=V, (45) 
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and arrive at the form (42) required. Now any further transformation 
of type (40) in which the 8 is not zero will leave the v\ variable present 
only in the E factors, so that the general term (after the first) of the 
function Xv is of type 

Suppose, after this, there are p transformations of type (40). Then the 
corresponding term after the factor £ mp has been divided out is 

and if this is of degree not less than m, as it must be if we are not to 
secure reduction, we have 

m — s + q s — ps~^.m 

or p S > 

r ~ s 

thus securing an upper limit for the number of transformations of type 
(40) which do not give reduction of singularity. Accordingly, after the 
form (42) is reached, it is only when all later S's are zero that we are 
not sure of reduction.* 

5. A sufficient number of transformations of type (43) applied to (42) 
secures either 

1) reduction of singularity, or 

2) the condition that for some term (the rth) of the X factor 

Pz<h\ 

> s = 2, 3, m. 

r ~ s ) 
If, for any term 

a transformation of type (43), after the factor £ m has been divided out, 
yields 

^^-^( Vi ,oc + 7. 

decreasing the exponent of f by r — jo r . This decrease takes place at 
every such transformation, and thus the exponent of £ must finally be 

* We do not need to consider the possibility of having all the coefficients of the 
powers of {,, lower than the m-th vanish, for then the function X r would have 
m equal factors |„ and this case has been excluded. 
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reduced to a value q' r less than r — p„ in which case the sum of the 
exponents of the three variables, 

p r + q'r + m — r, 

is less than m and reduction ensues. So it is only in the case in which 
for every term 

p, > s, s = 2, 3, m, 

that we are not sure of reduction. Suppose the number of transforma- 
tions after this point to be ». Then we get for the new exponent of £ 

q, + n(p s — s). 
Now by taking n large enough we can make the quotient 

n (Ps —*) + ?« 
s 

T) ~* S 

have the lowest value for the term in which — is lowest, while if 

s 

this is the same for two or more terms, we can make the fraction above 

lowest for the one in which — is lowest. Accordingly, by a finite 

number of transformations of type (43) we secure the condition that 

— and so — is lowest in the same term in which — is lowest. 

r r 

6. A succession of transformations of type 

& = &+i fc ( 46 ) 

followed by a succession of type 

& = tr+iv, (47) 

secures the surface with condition 5, 2) in the form 



CC + n?P*(v» oc 8 + • • • + <"^-^(7p.o] m,^i) 



(48) 



where for some particular term in X p , the rth, 
Pr <r, q r < r. 

Consider the surface (42) with the condition 5, 2), the sth term being 

and suppose we apply to the surface n transformations of type (46), 
dividing out each time the factor £". The resulting term is 
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If n is taken large enough, the exponent 

q, — ns 
is made less than *, so that we have 

s > q, — ns > 0, 

or 9i- 1 < n < ( k. 

s s 

So the term for which — is least is among those first reached in which 

the new exponent of £ is lower than s. 

In the same way we show that, by applying a succession of transfor- 

P 
mations of type (47), the term for which — is least is among the first 

lot reached for which the new exponent of rj is less than s. But, by 

V Q 

condition 2) in 5, - and — were least in the same term. So we secure 
the surface in form (48). 

7. A further succession of quadratic transformations of type (43) as 
applied to the surface in form (48) will reduce the singularity. This 
follows at once by the reasoning in the first part of 5. 

D. — Succession of Quadratic Transformations in which 

THERE ABE REVERSALS OF TYPE. 

8. A succession of transformations in which there is a sufficient num- 
ber of reversals of type will secure a surface of type (42). 

If there is but a finite number of reversals, after the last one we are in 
the same position as at the start in 4, and the succession of trans- 
formations which follows, not having any reversal of type, will enable us 
to secure the condition derived by the method of 4. So we need here to 
consider only the possibility of an indefinitely large number of reversals 
of type. 

In equation (37) consider any one of the coefficients 

Pr(v,0 = ?Mv>0 = ?l(v,0n r + (v,0» r +i + ] 

where p T ( v , 0) ^ 0. 

A transformation of type (40) will give for p r a function from which we 
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take out the factor C r > the other factor being of degree less than n r unless 
the part (17, £) nr has n r equal linear factors. For, if 

nr 
(,, £) nr = n (a pV - frQ 

and not all the linear factors are equal (or linearly dependent), then the 
substitution 

V = £(vi + Si) 
gives 

nr 
t* II (a, Vl + apSx - L3 p ) 
P = l 

and leaves an absolute term in any factor for which 

apS, ^ A>, 

thus securing in the product of the factors terms of degree less than n r . 
Also the degree might be lowered on account of terms in some later part 
as (17, £) nr +k- But, if all the factors of (17, £)«,. are equal (or linearly 
dependent) and 8 X is taken so as to satisfy the condition 

dpSt = fl p , p = 1, 2, n r , 

then after the factor C is divided out, we have left but one term in -qf*, 
which cannot cancel with any term from another part of the function, as 
all later terms have as a factor some power of £. Accordingly a suc- 
cession of transformations of type (40), if it does not reduce the degree of 
the part not divisible by £, must leave a term in 17 * r . Now when the 
reversal of type is first made, the e of (41) is zero, as is seen by con- 
sidering the use of transformation (8) § 1, 5. Then we take out a 
factor rj " r and leave a constant term. So a succession of transformations 
which contains reversals of type must reduce the degree of the function 
p r (possibly to zero), except for factors taken out which are powers of 
the 17 and £ variables. Accordingly, by a succession of transformations 
containing a sufficiently large number of reversals of type, the coefficient 
p r must be reduced to the type 

9. All further transformations to be considered may be taken of the 
types 

& = £m+i& 17* = 17)1+1 & (49) 

& = fM-n, £«. = C^+iv ( 50 ) 
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For if a transformation of type (40) or (41) in which the S or e is not 
zero were used, we should have in all the coefficients of X„ in (42), out- 
side of the E factor, only powers of one variable. Suppose it to be £ ; 
then, by means of a succession of transformations of type (46), we can 
reduce some term to a form in which the exponent of £ is less than r, 
and thus secure a reduction of singularity. 

10. A sufficiently long succession of transformations of types (49) and 
(50), applied to surface of type (42), unless it first secures reduction 
of singularity, will secure the condition that, for some term (the rth), 



* = 2, 3, m. 



Consider the two terms 

rfpucv, or", /wo?, of" - * 

Any transformation of type (49) leaves the p s and p, unchanged, and 
increases the 

9. by p. — s, 

q t " Pt — t. 

Any transformation of type (50) leaves the q, and q, unchanged, but 
increases the 

P. by q, - s, 

Pt " q t -t. 




Represent 



q r — r 




r = 2, 3, m, (51) 



So, for each transformation of type (49) the K r is increased by the II r , 
and for each transformation of type (50) the II r is increased by the K r . 
"We shall show that finally we must have one of two conditions 

a) Tl t > n () K, ^ K () 

*) n 8 < IT,, K, < K«. 

Suppose, at any stage, neither of these conditions holds, and we have, 
for example, 

n, > n ( , K 8 < K t . (52) 
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Then, for a transformation of type (49), supposing the new K's to be 
K/, K,', we have 

k; = k, + n„ 
k/ = k, + n„ 

and so 

K,' - K,' = K t - K s - (II, - n ( ) < K, - K,. 

Also, for a transformation of type (50), if the new II' s are II,' II,', we 
have 

II,' = n, + K„ 

n/ = n ( + k„ 

and 

ii,' - n ( ' = n, - n ( - (k, - k.) < n, - n ( . 

So when a condition of type (52) holds, any transformation applied will 
reduce the difference of either the ITs or K's, if in fact it does not 
change the sign of the difference. Further, the reduction is each time 
by a value not infinitesimal, for it is at least 1 / st, as is seen by con- 
sidering the values of K r and II r in (51). So the succession of trans- 
formations of whatever kind must finally reduce the difference of either 
the n's or the K's to zero, or change its sign, and then we secure either 
condition a) or b). 

When one of these conditions has once been secured, any further 
transformation will not change it; for, in condition a), a transformation 
of type (49) will add at least as much to the K, as to the K<, and so 
retain the inequality of the same order, and similar conditions are seen 
to hold in the other cases. Also, as one of the conditions a) or b) must 
hold finally, whatever the pair of values s and t, we shall have some 
value as r such that 



n r < n„ K,. < K„ s = 2, 3, 
from which follows the required condition 



s = 2, 3, m. 



11. The method of 6, applied to the surface resulting from the treat- 
ment of 10, will secure the result of 6. It may be that already either 
p r < r or q r < r, but in such a case the number of transformations of 
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type (46) or (47) can be considered zero, while in the other case we 
have exactly the initial conditions of 6, the result of which then can be 
secured in any case whatever. 

12. In the case of surface (48) any succession of transformations of 
types (49) and (50) will finally reduce the degree of the singular point. 

Consider the term 

Any transformation of type (49) adds to the exponent of £, p r — r, and 
as p r < r, the exponent of £ is reduced. In the same way we see that 
any transformation of type (50) reduces the exponent of the -q variable. 
So in any case, by virtue of the reduction of degree, we must have finally 
either 

p r <r — q r or q r < r — p r , 

in either of which cases the sum of the exponents of the three variables 

(m — r) + p r + q r 

is less than m, and we have reduction of the singularity. 

§ 5. 

Parametric Representation op the Neighborhood of the 
Original Singular Point. 

We have shown that in all cases T, the neighborhood of a singular 

point, can be mapped upon a finite number of regions t u t 2 , t, as 

defined in § 2, C. Apply a properly chosen transformation to each point 
of class 1) and repeat the operation on each set of resulting points of the 
same class as they are formed. We have proved also that after a finite 
number of operations all the resulting points of class 1) are of order 
lower than m. Then, by continuing the process, it follows that, after a 
finite number of transformations, all points of class 1) must disappear, 
and so we shall have left only regions of class 2). Each of these regions 
admits of representation by means of a finite number of sets of para- 
metric formulae of type (A). 

Classify all the singular points which present themselves in groups as 
follows : — 

In the first group, place the original point; in the second, all singular 
points derived from it by the first quadratic transformation, together with 
whatever auxiliary transformations accompany it; these points corre- 
spond to the singular points of the curves that represent the irreducible 
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factors of <f> (£, rf), to the points of intersection of two such curves, and 
to the points of class 1) in § 2, 1. In the third group place all singular 
points derived in a similar way from those of the second group, etc. 

Suppose n to be the number of the last group in which there are 
singular points. From what we have proved, n must be finite. 

The neighborhood of a point in the wth group is represented by the 
neighborhoods of a finite number of regular points, together with a finite 
number of regular regions, and so by a finite number of parametric 
formulae of type (A). The neighborhood of a point in the (n — l)st 
group is represented by the neighborhoods of a finite number of points of 
the wth group, together with a finite number of regular regions, however 
small the neighborhoods of the singular points are taken ; but as the 
neighborhood of any point in the wth group is represented by a finite 
number of parametric formulae of type (A), the same follows for any 
point of the (n — l)st group, using the intermediate transformation to 
get the parametric formulae. 

This reasoning can be carried on until the original singular point is 
reached, since the mapping of the neighborhood of the original point 
upon a finite number of regions of classes 1) and 2) applies to each of the 
later singular points also, and then furnishes the step by which we know 
that we can always pass from the (v + l)st to the vth group. 

Thus we have the coordinates £, r/, £ of the surface 

expressed in parametric formulae of the desired type, the parameters 
being in general coordinates of points of some simple surface. Then by 
using the intermediate transformations connecting x, y, z with $, rj, £, we 
represent the first set of coordinates in the desired form. 



